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Introduction

Mathematics appears as art; 
Mathematical objects are its matter; 
Mathematical thinking is its tool; 
Experiencing harmony and logical aesthetics is its finial.
Mathematics is difficult to define. Depending on the adopted philosophical concept, mathematics can be defined as a method of describing or structuring the reality around us, and in particular a method of modelling processes that man observes. The special role of mathematics follows on from its effectiveness, which stems, on the one hand, from a strict connection of mathematics with the human cognitive system, and, on the other, from the extremely precise in-built language of mathematics. No other branch of science or knowledge requires such discipline of thinking and precision of statement as mathematics does. It is the only science in which a correctly proved theorem will never be falsified.
The problem of the foundations of mathematics and, consequently, mathematical thinking and mathematical imagination has long been piquing the interest of researchers representing various branches of academia, including, apart from mathematicians themselves, philosophers and psychologists. It should be noted that undertaking research in this field requires special competences. The researcher should have cognitive access to the object/subject being described. Hence it is necessary that a person researching mathematical thinking be a mathematician with their own creative experience in mathematics. The researcher should also be adequately competent in psychology, to be able to properly analyse the process of thinking, as well as in philosophy, to be able to perform a deepened analysis and synthesis set in a philosophical system. Given the enormous knowledge gathered in these fields to date, it is practically impossible for a single person to master all of those competences. Thus, it would be advisable that a properly selected team carry out such research. Important observations concerning mathematical thinking were made by Jacques Hadamard (An Essay on the Psychology of Invention in the Mathematical Field, Princeton University Press, 1945), who, himself being an outstanding mathematician, came to know the problem through self-reflection. However, he did underline that he was not a psychologist and his observations had been made from a mathematician’s perspective.
A material element of research into mathematical thinking is analysis of the foundation and development of arithmetic competences, which can to some extent be studied empirically, including with the use of non-invasive medical techniques. Authors who have made significant observations in this area include Stanislas Dehaene (The Number Sense: How the Mind Creates Mathematics, Oxford University Press, 1997 ([11])). Research into this matter has encouraged attempts at early analysis of mathematical skills in children.
While mathematical intuition is an integral part of mathematical thinking, it is hard to describe and difficult to conduct research on, all the more so because in the various stages of mathematical activity it manifests in various ways. In a child, mathematical intuition is in the initial stage of forming (it is known as “proto-intuition”)[1]; if it is subsequently properly stimulated and developed in the generally understood educational process, it may prove a hard-to-overestimate tool in tackling mathematical problems.
The development of mathematics has rendered it necessary to make ways of mathematical thinking and the expression of mathematics more precise. It included the need to codify the existing logic systems and develop new ones. A logic system is connected with the relevant axiomatic system, symbolic notation and specified rules of inference (of proving theorems). Logical semiotics has evolved. Among major contributors to this field was Charles Peirce (Collected papers. Vols. 1–6 edited by Charles Hartshorne and Paul Weiss; vols. 7–8 edited by A. W. Burks. Cambridge: Belknap Press of Harvard University Press, 1958–1966).
The need emerged to structure the mosaic of mathematical matter into a conceptual entity, which was achieved by a group of mathematicians working under the collective pseudonym of Nicolas Bourbaki; they prepared a number of monographs published under the title of Éléments de mathématique. The group performed immense work on building a logically and conceptually coherent entity from apparently different branches of mathematics. The Bourbaki group have given mathematics a new quality, which also enabled a broader view of mathematical thinking. A precise logic method has been brought to fore as the fabric of mathematical thinking. At the same time, developmental psychology advanced, as seen in particular in works by Bärbel Inhelder and Jean Piaget (cf. [21, 35]), which enabled a new concept of mathematical education to be created, wherein the main objective was no longer memorising mathematical statements and mastering technical skills, but developing mathematical thinking, understanding the structure of mathematics, interrelation occurring in the structure and, consequently, perceiving mathematics as a method of structuring the process of thinking, learning and thus the mathematics itself. New methodological concepts were developed. The new educational approach adapting the precision of Nicolas Bourbaki’s ideas to elementary education was presented in Georges Papy’s monograph Mathématique moderne ([33]). Georges Papy’s publication and its importance is discussed in Dirk De Bock, Michel Roelens and Geert Vanpaemel’s, Mathématique moderne: A pioneering Belgian textbook series shaping the New Math reform of the 1960s ([3]).
To cater to the needs of developing knowledge, including exact sciences, computer science, social and biological sciences and other branches of knowledge, multiple new branches of mathematics have emerged, which has materially affected mathematical thinking. The emergence of new branches of mathematics requiring differentiated mathematical tools has diversified mathematical thinking.
The development of computer science has blazed a new trail for mathematical thinking known as computational thinking, and enabled support of mathematical activity with computer-science methods. Should computer generated proofs be recognised as acceptable, it may in the extreme case lead to the forking of mathematics into orthodox mathematics and statistical mathematics (which approves reasoning of a statistical nature as fully acceptable).
These developments pose special challenges to the process of mathematical education. Mathematical thinking, mathematical imagination, mathematical intuition and the mathematical knowledge based thereon are strictly connected by feedback with mathematical education. For mathematics teaching to be effective, it should start early and proceed consistently, taking into consideration a pupil’s abilities depending on their age and knowledge. It is of major importance, too, that people responsible for mathematical education should have appropriate training in mathematics and its teaching methodology, with a special emphasis on the early stage of education.
Mathematical abilities are often erroneously equated with computational skills. The following opinion is too often voiced about a child: “He/she has great mathematical abilities because he/she proficiently operates numbers, even big ones”. It should be clearly stressed that computational skills are not directly connected with mathematical abilities. People have been described who have quickly mentally performed highly complicated arithmetic operations, but never showed any broadly meant mathematical abilities. And, conversely, history tells us of outstanding mathematicians who computed slowly and rather reluctantly. Mathematical abilities should rather be included in a certain thinking disposition called mathematical thinking.
The development of mathematical, properly logically founded, thinking and mathematical imagination in a pupil is much more important than the pupil mastering mathematical technical skills. Hence, in the process of teaching mathematics, special emphasis should be put on the development of such mathematical thinking and not on computational proficiency. Pupils, especially in the early stage of education, often find it difficult to solve word problems or to relate a mathematical description to a real-life situation; and it is the difficulty with building a mathematical micro-model of the real-life situation or the situation described in the word problem that makes the relating difficult. The ability to independently build a correct micro-model depends on the pupil having a sufficiently rich mathematical imagination.
Education focused on the development of mathematical thinking requires carefully chosen steps to be taken. In various stages of education, these steps take various forms: starting from modelling elementary mathematical objects with real-life objects in the pre-school and early school stages to formulating/building mature problems as part of MSc mathematics programmes. In the current education model, mathematics is not consistent. Its treatment in early school education differs from that applied in later school years. Nor is it consistent in later school years, where stress is often put on computational proficiency and efficiency in solving more or less typical problems. It should be strongly emphasised that there is just one mathematics, and its only educational methods that require adaptation to the pupils’ perceptive abilities. Developing mathematical thinking and mathematical imagination in a pupil is much more important than the pupil acquiring mathematical technical skills.
Research into the subject areas outlined above and drawing constructive conclusions requires the multilateral cooperation of specialists representing various branches of knowledge, including mathematicians, logicians, computer scientists, mathematical education methodologists, mathematics teachers, philosophers, psychologists, cognitivists and pedagogues.
It is of fundamental importance to mathematical education that it is mathematically correct from the very beginning, and adapted to the pupil’s age, while being mathematically correct and consistent with the body of mathematical knowledge. Therefore, special attention should be given to early school mathematical education addressed to pupils aged seven to eleven.
This study summarises the author’s multi-year research into both primary and secondary school education, and university education in Poland; however, given the universal nature of mathematical education, the author’s reflections have a global application.
For basic number sets, the following standard symbols will be used:
ℕ – stands for the set of natural numbers (non-negative integers),
ℕ1 – stands for the set of positive integers (ℕ1 = ℕ – {0}),
ℤ – stands for the set of integers,
ℚ – stands for the set of rational numbers.
This text is a material development of the text included in the materials of the conference “Mathematical thinking: foundations – development – education”, held in 2019 (cf. [15]).
The conference website is accessible at https://ma-th-1.syskonf.pl/.
Jan Gałuszka
Institute of Pedagogy 
Jagiellonian University Kraków, 
Poland 2024


1. Mathematical thinking – concept outline

There is only one mathematics, 
but each stage of education 
follows its own path to access it.
Mathematics is not numbers and operations thereon, not computational fluency, not commonly understood arithmetic (referred to as naïve arithmetic[2]). Mathematics is a way of thinking consisting in the creation and structuring of abstract objects and structured handling and processing thereof. In mathematics, the language of mathematics, inseparably integrated therein, plays a key role[3]. This language is a means of mathematical expression and communication. It is also a metalanguage for specific theories developed within mathematics and a tool in creating mathematical objects in those theories. It should be stressed that the semantic range of the notion of the mathematical object is wide. Mathematical objects are not only those typically intended to be ones, such as number sets or geometric shapes (figures), but also, for instance, a formal language, logic formulae, theorems, proofs, algebraic structures and theories. Thus a multi-tiered structure emerges, bonded together by intertwined links and relations. Both the creation of mathematical objects and the structuring process thereof (including in the context of modelling) are autonomous continuous processes in feedback with the perceived reality and subsequently stacked tiers.
1.1 Levels of mathematical thinking
The process of creating and structuring abstract objects depends on the stage in which a given person’s cognitive (intellectual) development is and on their knowledge of mathematics. Jean Piaget proposed the following five stages of a human being’s cognitive development (cf. [2, 27], Piaget’s concept has been developed since):
–sensorimotor stage (up to two years of age),
–preoperational stage (two to seven years of age),
–concrete operational stage (seven to twelve years of age),
–formal operational stage (over 12 years of age),
–post-formal operational stage (over 18 years of age).
It should be stressed that both the timespans of the individual stages and the areas covered by those stages may vary from person to person.
The cognitive development concept outlined above may serve as a basis for working out a concept of mathematical thinking development in a human being and, consequently, for laying a mathematical development pathway, that is a process during which a moderator-teacher is a conscious guide in the process of learning mathematics.
Herein below, to ensure a precise presentation of the mathematics learning process in a pupil, the following notions will have the following respective meanings:
• Abstract from (something) – based on sensorily accessible and mentally processed content, create a general concept, omitting (abstracting from) what is immaterial for that concept.
• Reification of a mathematical object (concrete interpretation, concretisation) – a physical object (physical educational tool), stimulating the learning (creating), by a perceiving pupil, of an abstract mathematical object (reification is a mathematical stimulator of that object (cf. p. 66)). A reification is a physical object. Thus, apart from the features required for the creation (separation/abstraction) of the expected mathematical 
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